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Abstract. We study a one-dimensional stochastic differential equation driven 
by a stable Levy process of order a with drift and diffusion coefficients b, a. 
When a S (1, 2), we investigate pathwise uniqueness for this equation. When 
a E (0, 1), we study another stochastic differential equation, which is equiv- 
alent in law, but for which pathwise uniqueness holds under much weaker 
conditions. We obtain various results, depending on whether a S (0, 1) or 
a 6 (f , 2) and on whether the driving stable process is symmetric or not. Our 
assumptions involve the regularity and monotonicity of b and a. 
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1. Introduction and results 

For a_, a + in [0, oo) and a € (0, 2) \ {1}, we consider the measure on R„: 

(1) Va-,a+( dz ) = M^Ma-l^o} + a+l {z>Q} ]dz. 

Let now N(dsdz) be a Poisson measure on [0, oo) x R* with intensity measure 
a (dz). Setting 



(2) 



Z t = J* J Rt zN(dsdz) if a e (0, 1), 
Z t = J* J Wt zN{dsdz) if a e (1, 2), 



the process (Z t )t>o is a stable process of order a with parameters a_,a+, or a 
(a, a-, a+)-stable process in short. It is said to be symmetric if a- = a+. Here 
N stands for the compensated Poisson measure, see Jacod-Shiryaev [3 Chapter 
II]. We refer to Bertoin [3| and Sato [13] for many details on stable processes. We 
consider, for some measurable functions a, b : R i— ► K, the S.D.E. 



(3) X t =x+ [ a(X s -)dZ s + f b(X s )ds. 

Jo Jo 

Our aim in this paper is to investigate pathwise uniqueness for this equation. Let 
us recall briefly the known results on this topic. 

• Pathwise uniqueness classically holds when 6, a are both Lipschitz-continuous, 
see e.g. Ikeda-Watanabe [71 Chapter 4], Protter [TTJ Chapter 5]. 

• When a € (1,2), a + = a_ and 6 = 0, Komatsu [9] has shown pathwise 
uniqueness if a is Holder-continuous with index I /a, see also Bass pQ. 

• Bass-Burdzy-Chen [3] have proved that the above results are sharp: if a_ = a+ 
and 6 = 0, for any j3 < min(l, 1/a), one can find a function a, Holder-continuous 

l 
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with index /?, bounded from above and from below, such that pathwise uniqueness 
fails for ©. 

We refer to the review paper of Bass [2] for many more details on the subject 
and to Situ [2] for a book on general S.D.E.s with jumps. 

1.1. Preliminaries. When a £ (1,2), we will study the S.D.E. ([3]). When a £ 
(0, 1), we will rather study the following equation: for M(dsdzdu) a Poisson measure 
on [0, oo) x 1, x I, with intensity measure ds v^_ a+ (dz) du, 

(4) Y t =x+ / / z[l {Q<u<l(Ys _)} - l {l{ Y s _) <u <o}W{dsdzdu) + / b(Y s )ds, 
Jo Jr,Jr* Jo 

where 7(2:) = sign(tr(x)).|<7(a;)| Q . This equation is equivalent, in law, to ([3]). It has 
to be seen as another representation of 

Lemma 1. Let a £ (0, 1) and a_, a + £ [0, 00). 

(i) Let (Y t )t>o solve Q). There exists a (a, a_, a_|_) -stable process (Z t )t>o such 
that (Y t )t>o solves 

(ii) Let (Xt)t>o solve There exists, on an enlarged probability space, a 
Poisson measure M on [0, 00) x R„ x with intensity measure ds a+ (dz) du 
such that (Xt)t>o solves fijty. 

Let us finally recall the following existence result. 

Proposition 2. Let a £ (0, 2) \ {1} and a_, a + £ [0, 00). Assume that a, b have at 
most linear growth. 

(i) Ifb,a are continuous, there is weak existence for 

(ii) For any solution to (0), any ft £ (0,a), any T > 0, E[sup[ 0j T] l^tl' 3 ] < °°- 

These results must be standard, but we found no precise reference. The weak 
existence is almost contained in Situ j!4l Theorem 175]. 

1.2. The case where a £ (1,2). This subsection is devoted to the study of ([3]) 
when a £ (1,2). We first introduce some notation. 



Lemma 3. For a £ (1, 2), set a — cos(7ra) £ (—1, 1). Then for c £ [0,1], 

„/ x 1 fc 2 (\-a 2 )- (l + ca) 2 \ . 

p(a, c) := — arccos ^5— ^- j- ^ £ a — 1, 1 . 

v ; 7T \c 2 (l - a 2 ) + (1 + ca) 2 J L J 

There holds /3(a, 0) = 1, ft (a, 1) = a. — 1 and /3(a, c) £ (a — 1, 1) for c £ (0, 1). 



We may assume that a_ < a + without loss of generality: if a_ > a+, write 
o~(X s -)dZ s = d{X s ^)dZ s , where a = —a and Z t = —Z t is a (a, a+, a_)-stable 
process. 

Theorem 4. Consider a stable process (Z t )t>o of order a £ (1, 2) with parameters 
< a_ < a_|_. S'ei j3 = /3(a, a_/a+) as m Lemma\^ Assume that a,b have at most 
linear growth and that for some constants kq, Ki £ [0, oo), 

• a is Holder-continuous with index (a — j3) /a (which lies in [1 — 1/a, l/a\), 

• for all x,y £ R, sign(x - y)(a+ - a_)(cr(y) - cr(a;)) < Ki\x - y\, 

• /or all x,y £ R, sign(x - y)(b(x) - b(y)) < k \x - y\. 

Consider two solutions {Xt)t>o and {Xt)t>o to (0) started at x and x. 



STABLE-DRIVEN SDES 



3 



(i) For any t > 0, there holds 



E 



\Xt-Xtf] < \x-xfe ct , 



where C depends only on Ka,Ki,a,a-,a+. Thus pathwise uniqueness holds for 
(ii) If furthermore b is constant and (a+ — a)a is non- decreasing, then V t > 0, 



E 



\X t - X, 



1/3 



x\ . 



Observe that the condition on b holds as soon as b = b\ + 62, with b\ non- 
increasing and 62 Lipschitz-continuous. When a+ = a_, we have ft = a — 1 and 
thus we only assume that a is Holder-continuous with index 1/a, as Komatsu [5] 
or Bass pQ. But when a_ < a+, there is automatically a compensation in the 
driving stable process, which introduces a sort of drift term. Our assumption on a 
holds if <r = o~\ + <72) with 01 Lipschitz-continuous and 02 Holder-continuous with 
index (a — ft) /a and non-decreasing. Observe that (a — ft)/a < 1/a, so that if 
er is non-decreasing, the assumption on is weaker if a_ < a + than if a_ = a + . 
Finally, if a_ = 0, then ft = 1, so that our assumption on it holds if er = 01 + 02, 
with er 1 Lipschitz-continuous and 02 Holder-continuous with index 1 — 1/a and 
non-decreasing. 

As compared to H] , point (i) allows for a drift term, allows us to treat the case 
a_ 7^ a+ and provides some stability with respect to the initial datum. Point (ii) 
is a remarkable property. It was already discovered by Komatsu [9 when a_ = a + 
(and thus ft — a — 1), although not explicitly stated. A similar remarkable identity 
holds in the Brownian case (with a = 2 and ft = a — 1 = 1), see Le Gall, p~0| 
Theorem 1.3 and its proof]. 

As a by-product, our proof allows us to check the following statement. See [6l 
Theorems 4 and 5] for similar considerations about the stochastic heat equation. 

Proposition 5. Assume that a € (1,2) and that a_ = a+ > 0. Suppose that a,b 
have at most linear growth, that is Holder-continuous with index 1/a and that b 
is non-increasing and continuous. 

(i) If(b,a~) is injective, then (0) has at most one invariant distribution. 

(ii) If there is a strictly increasing function p : M + i— > M + such that 

Vx.yel, l{*fr}\x - y\ a ~ 2 [\b(x) - b(y)\ + \a(x) - a(y)\ a ] > p(\x - y\), 

then for any pair of solutions (Xt)t>o and (Xt)t>o to started at x and x ( driven 
by the same stable process (Zt)t>o), lim^oo \X t — X t \ = a.s. 

The basic example of application is the following: if b(x) — —x, then the conclu- 
sions of (i) and (ii) hold under the sole assumption that is Holder-continuous with 
index 1/a. In particular, no positivity of is required at all. We only treat the case 
where a_ — a + , because the other possible results are less interesting (although the 
proof is easily extended) : some monotonicity conditions have to be imposed on the 
true drift coefficient, which involves b and 0. 

1.3. The case where a G (0, 1). Our goal is now to show that when a € (0, 1), 
(j4|) is a nice representation of ((3]), in the sense that pathwise uniqueness holds for 
a larger class of functions 0, the Lipschitz condition being replaced by a weaker 
condition. First, we state a general result without monotonicity conditions on 0. 
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Theorem 6. Let a £ (0,1) and a-,a+ £ [0,oo). Consider a Poisson measure M 
on [0,oo) x 1, x R, iwi/i intensity mesure ds a+ (dz) du. Assume that o~,b have 
at most linear growth and that for some constant n £ [0, oo), 

• 7(x) = sign(<7(x)).|o~(x)| a is Holder- continuous with index a, 

• for all x,y 6l, sign(x - y)(b(x) - b(y)) < k \x - y\. 

Consider two solutions (Y t )t>o and (Y t )t>o to started at x and x. Then for 
any f3 £ (0, a), any t > 0, 



1/3 



< x - x p e 



where C depends only on a, a_, a+, /3, ko on f/ie Holder constant 0/7. TTims 
pathwise uniqueness holds for Q). 

Observe at once that if ct is bounded below by a positive constant and Holder- 
continuous with index a, then 7 is also Holder-continuous with index a. But if 
a vanishes, it has to be Lipschitz-continuous around its zeros. This is not only a 
technical condition as shown by Komatsu [9] or Bass [TJ Remark 3.4]: if a £ (0, 1), 
x = 0, 6 = 0, a_ = a + = 1 and er(x) = |cc|^ (whence 7(1) = Ixl 73 ") for some f3 < 1, 
then uniqueness in law fails for ©, whence it also fails for (jj). 

It might be surprising at first glance that in some cases, pathwise uniqueness 
holds for (j4} but not for ([3]). This comes from the fact that, e.g. when starting 
from two initial positions x and x, ((U) builds two different stable processes (coupled 
in a suitable way) to drive (Yt)t>o and (Y t )t>o, while in ([3]), the same stable process 
drives (X t ) t >o and (X t )t>o. We see that the choice made in (j4| is more efficient. 

Let us now try to take advantage of some monotonicity considerations when 
a_ 7^ a+. This seems possible only if a £ (1/2, 1) and if a_/a+ is small enough. 

Lemma 7. For a £ (1/2, 1), set a = cos(7ra) £ (— 1, 0). Then for c £ [0, — a), 

1 /l-a 2 -(c 

— arccos = ; — 

7r \l-a 2 + (c + aY 

There holds ft (a., 0) = 2a — 1 and, for any c £ (0, 1), limQ^i- /3(a, c) = 1. 

We only consider the case a_ < a + without loss of generality. 

Theorem 8. Assume that a £ (1/2,1), that a_/a + < |cos(7ra)| and set f3 := 
/3(a, a_/a+) as m Lemma^ Consider a Poisson measure M on [0, 00) x I, x 1, 
with intensity measure ds a+ (dz) du. Assume that a,b have at most linear 
growth and that for some constants kq, K\ £ [0, 00), 

• 7(x) = sign(<7(x)).|cr(x)| Q is Holder- continuous with index a — j3, 

• for all x,y £ R, sign(x - y)(j(x) - j(y)) < Ki\x - y\ a , 

• for all x, y £ R, sign(x - y){b(x) - b(yj) < k \x - y\. 

Consider two solutions (Y t )t>o and (Yt)t>o to started at x and x. 
(i) Then for any t > 0, 



P(a, c) := - arccos ( ) £ (0, 2a - 1]. 



E 



\Y t -Y t f <\x-xfe ct , 



where C depends only on a_, a+, a, kq, k\. Thus pathwise uniqueness holds for Q). 
(ii) If furthermore b is constant and 7 is non-increasing, then V t > 0, 

E\\Y t -Y t f] = \x-xf. 
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. a-<a+, no monotonicity assumed 



, no monotonicity assumed 



1/2 - 



2a-=a+, monotonicity assumed 



a-=0, monotonicity assumed 



Figure 1. Index of Holder regularity of 7 (if a € (0, 1)) or a (if a £ (1 5 2)) required for 
pathwise uniqueness as a function of a. The four curves coincide on [0, 1/2]. 



This last property is of course remarkable. If a_ = 0, the above result holds 
when 7 = 71 + 72, with 7! Holder-continuous with index a and 72 non- increasing 
and Holder-continuous with index 1 — a, which is very small when a is close to 1. 
More generally, when a_- < a + and if a is very close to 1, one has to assume only 
very few regularity on 7, provided it is non-increasing. 



1.4. Comments. First observe that when a_ < a+, the favorable monotonicity of 
a is not the same if a € (0, 1) and if a € (1, 2). This is due to the fact that when 
a G (1,2), the main problem is due to the compensation (which appears negatively 
in the equation). 

Let us summarize roughly our results. Denote by H(S) the set of Holder- 
continuous functions with index S and by H^(S) (resp. H^(S)) its subset of non- 
increasing (resp. non-decreasing) functions. Recall that when a is bounded below 
by a positive constant, the regularity of 7(2:) = sign(cr(a;)).|a(x)| a is the same as 
that of a. We have pathwise uniqueness for (if a G (0, 1)) and © (if a G (1, 2)) 
if b = b\ + &2 has at most linear growth, with 61 G H(l) and hi non-increasing and 
if a = a\ + 02 (° r 7 = 7i + 72) satisfies (we set f3(a, c) = if a € (0, 1/2] or if 
c > — cos(7ra)): 





a £ (0,1) 


a G (1,2) 


a_ = a+ 


7 G H{a) 


a G H{l/a) 


a_ < a + 


71 G H(a), 
72 € H±(a - P(a,a-/a+)) 


ax G F(l), 
(72 G H*(L-0(a,a-/a+)/a) 


a- = 


7i G H(a), 
72 G H l (l - a) 


ox G 

cr 2 G - 1/a) 



Thus the situation is quite intricate. When a_ = a + and a is bounded from below, 
we have to assume that a G iJ(min{a, 1/a}). It seems quite strange that the 
required regularity of a is low when a is small, maximal when a — 1 and small 
again when a is near 2. A more tricky representation of (j3]) might allow one to 
obtain some better results. 
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When a_ = and a is bounded from below and monotonic, we have to assume 
that a € H(a) (if a G (0,1/2]), a G F^(l-a) (if a G (1/2,1)) and a G iT^l-l/a) 
(if a G (1,2)). Thus few regularity is needed when a is near or 1 and higher 
regularity is needed when a is near 1/2 and 2. 

Theorem 3] is not so good when a_ < a+, because we have to assume the 
Lipschitz-continuity of the decreasing part of a. On the contrary, Theorem [5] works 
quite well for any value of a_ , a + . 

Theorems S] and [S] really rely on specific properties of stable processes. Theorem 
|51 of which the proof is much simpler, may be easily extended to other jumping 
S.D.E.s with finite variations. For example, some of the Lipschitz assumptions of 
[5] can be consequently weakened. 

1.5. Plan of the paper. In the next section, we prove Lemmas [3] and [7] and show 
that some integrals vanish. These integrals are those that appear when we use the 
Ito formula to compute \X t — X t \^ for two solutions to ^ or Section [3] shows 
how to approximate these integrals. We prove Theorem [4] and Proposition [5] in 
Section HI Section [5] is devoted to the proofs of Theorems [6] and [8l We finally check 
Proposition [2] and Lemma [T] in Section El 

2. Computation of some integrals 
This technical section contains the main tools of the paper. We introduce 

(5) far a e (0,1) and 6(0, a), K'%= j D 1 " x f " X ] <-,a + (dz), 

(6) for a G (1, 2) and 8 G (0, a), I£? = I [|1 + xf - 1 - Bx) v«(dz). 



Observe that all the above integrals converge absolutely. The aim of this section is 
to prove Lemmas |3] and [3 as well as the following identities. 

Lemma 9. (i) Let a G (1/2, 1) and < a_ < a+ such that a_/a + < — cos(7ra). 
Set 8 = B(a, a_/a + ) G (0, 2a — 1] as in Lemma^ There holds I2l^ a+ = 0- 

(ii) Let a G (1, 2) and < a_ < a + . Set B = B(a, a_/a + ) G [a — 1, 1] as in 
Lemma\M There holds Q+ = 0. 

Proof. We start with point (i). Observe that 8 < 2a — 1 < a, so that the integral 
is convergent. We write Ia!? t a + = a>-A\ + a + A2 + a + A 3 , where 



/•OO 

Ai= / [{l + x) fj -l^-^dx, 
Jo 

A 2 = [\(l-xf -l^-^dx, 
Jo 

/•oo 

A 3 = [{x-lf - l^-^dx. 



Using an integration by parts and then putting it = 1/(1 + x), one can check that 

B f°°, x« i v, B f 1 „ r i, s „, 8T(a - B)T(1 - a) 

Ax = - (1 + x) ri ~ 1 x~ a dx = - / u a - p - l (l -u)- a du= — -i pi v r ^ 

a J a J ar(l - /3) 
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where T is the Euler function. Next, an integration by parts implies that 

W)r(l-a) 



A 2 = --^ f\l-xf- 1 x- a dx=- 
a a J a 



a aT(l - (a - (3)) ' 
Finally, setting x — 1/u, we get 

Ji a J Q a r(a + l) a 

We thus find, recalling that T(a + 1) = aT(a), 



T(a - P)T(1 - a) T((3)T(1 - a) , T(/3)T(a ~ 
d— — — — a_|_— — — — + 



r(i-/3) T r(i-( a -/?)) r(a) _ 

Using now Eulcr's reflection formula T(x)r(l — x) — n/ sin(7rx) for x G (0, 1), 



_ PT{P)T(a-P) 
a -' a + ~ aT(a) 



sin(7r/3) sin(7r(a — /3)) 
sm(7ra) sm(7ra) 



al (a) sin(7TQ!j 

where we have set c = a_/a + . We have chosen /3 = /3(a,c) in such a way that 
csin(7r/3) — sin(7r(a — /3))+sin(7ra) = 0, whence 1"^+ — as desired. Indeed, recall 
that cos(7r/3) = b, where b = (1 — a 2 — (c + a) 2 )/(l — a 2 + (c + a) 2 ), with a = cos(7ra). 
Since /3, a G (0, 1), we have sin(7ro:) = Vl — a 2 and sin(7r/3) = VI — b 2 , whence 

csin(7r/3) — sin(7r(a — /?)) + sin(7ra:) 
=csin(7r/3) — sin(7ra) cos(7r/3) + sin(7r/3) cos(7ra) + sin(7ra) 

= (a + c) Vl - & 2 + (1 - &) V 7 ! - a 2 - 

Recall that a + c < < 1 — b, since c = a_/a + < — cos(7ra) = —a. We thus need to 
check that (a + c) 2 (l - b 2 ) = (1 - b) 2 (l - a 2 ), i.e. (a + c) 2 (l + b) = (1 - 6)(1 - a 2 ). 
This is easily verified. 

We now prove (ii). We write Iai^ a+ = a +B\ + ci-B 2 + &--B3, where 

/•OO 

Bi = / [(1 + a;) 73 - 1 - f3x\x~ a ~^ dx , 
Jo 

[(a; — 1)^ — 1 + j3x\x~ a ~^ dx , 

B 3 = / [(1 - x)^ - 1 + px]x- a - l dx. 
Jo 

Using two integrations by parts and then putting u = 1/ (1 + x) , one can prove that , 
if a - 1 < £ < 1, 

a(a - 1) J 



a(a - 1) J 



■ f u a - - 1 {l-u) 1 - a du 
Jo 



a(a - l)r(2 - (3) 
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Since now a £ (1, 2) and e (0, 1), 
(7) r(2-a)= * - 



r(a - 1) sin(7r(a - 1)) T(a) sin(7r(a - 1)) ' 

r(2 - 0) =(1 - 0)T(1 -0) = r ^Tf\ v 

1 (p) sin(7rpj 

Hence 

B /3r(/3)r( Q -/3)sin(7T/3) 
aT(a) sin(7r(a — 1)) 

This formula remains valid if = 1, since then Si = and sin(7r/3) = 0. Next we 
use one integration by parts and we put u = 1/x to get 

a aJi 

a a(a — 1) a J 

1 | | pT(/?)r(q - /3) 
a a — 1 ar(a) 

Finally, an integration by parts shows that 

B 3 = ^ - ^ /V ~ z)^ 1 ~ l]x- a dx = ?—l-P[G 1 + G 2 ], 
a a J a a 

where 

r(/3)r(2-a) 



Gi = /'[(l - xf- 1 - (1 - x)^-"^ = /"'(l - z^-V^da: = 
Jo Jo 



T(0 + 2- a) 



and, using an integration by parts, 



G 2 = ! [(1 - xf - l]x- a dx 
Jo 



' P f ft ■- I 



a — 1 a — 1 

1 pT(/3)r(2-a) 



(1 - a:)" - V -a da: 



Thus 



B, =- 



a-1 (a - l)r(/3 + 2 - a) ' 
1 /3 0(0 + 1 - a)r(/3)r(2 - a) 



a a-1 a(a - l)r(j3 + 2 - a) 

= 1 _ /3r(/3)r(a-/3)sin(7r(a-/3)) 
a a — 1 ar(a) sin(7r(a — 1)) 

We used ([7]) and that 

r(0 + 2-a) 



r(/3 + 1 - a) 



0+1 -a ' T(a- 0)sm(n(a- 0)) 

This last equality uses that — a + 1 € (0,1), but one easily checks that the 
expression of B% remains valid if = a— 1, because then 1+0 — a = sin(7r(a — 0)) — 
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0. We finally find that 



a + 



_ PT(P)T(a-P) 
aT(a) 



-o+ 



sin(7r/?) 
sin(7r(a — 1)) 



+ a_ 



sin(7r(a — j3)) 



sin(7r(a — 1)) 



Set c = a_/a+ and recall that b := cos(7r/3) = (c 2 (l-a 2 )-(l+ca) 2 )/(c 2 (l-a 2 ) + (l+ 
ca) 2 ), for a = cos(7ra) £ (—1, 1). It remains to check that sin(7r/3) = csin(7r(a— 1)) + 
csin(7r(a — /?)), i.e. sin(7r/3) = — csin(7ra) + csin(7ra) cos(nf3) — csin(7r/3) cos(7ra). 
Observe that since a € (1,2), sin(7ra) = — yl 
Vl — b 2 . We need to verify that vT~ 
-ac)Vl~ 



that (l + ac)Vl - o 2 = c(l-6)VT 
This is easily done. 



a 2 , while since /3 £ (0, 1], sin(7r/3) 
6 2 = cyl — a 2 — c6V 1 — a 2 — ca\/l — o 2 , i.e. 
r , i.e. that (l + ac) 2 (l + 6) = c 2 (l - a 2 )(l - b). 



□ 



We now give the 

Proof of Lemma\^ Recall that a £ (1,2), that a — cos(7ra) G (—1,1), that 
< c < 1 and that /3(a,c) = n^ 1 arccos6, where b := (c 2 (l — a 2 ) — (l + ca) 2 )/(c 2 (l — 
a 2 ) + (l + ca) 2 ). 

First, we have j3(a,0) = 7r _1 arccos(— 1) = 1 and f3(a,l) = tt^ 1 arccos(— a) = 
7r _1 arccos(— cos(7ra)) = a — 1. 

To check that /3(a, c) £ (a— 1, 1) if c € (0, 1), it suffices to prove that b £ (— 1, —a) 
(because —1 = cos(7r) and —a = cos(7r(a — 1))). First, b > —1 is obvious if c > 0. 
Next, we have to check that c 2 (l — a 2 ) — (1 + ca) 2 < — a(c 2 (l - a 2 ) + (1 + ca) 2 ), i.e. 
that c 2 (l + a) 2 < (1 + ca) 2 , which holds true because c < 1 and \a\ < 1. □ 

We conclude this section with the 

Proof of Lemma^A Recall that a £ (1/2, 1), that < c < —a = — cos(7ra) < 1 and 
that f3(a, c) = n arccosfr, where b — (1 — a 2 - (c+ a) 2 )/(l — a 2 + (c + a) 2 ). First, 
f3(a, 0) = 7T _1 arccos(l — 2a 2 ) = ir^ 1 arccos(l — 2 cos 2 (7ra)) = 2a — 1. 

To prove that (3(a, c) £ (0, 2a— 1], it suffices to check that b £ [1 — 2a 2 , 1). First, 
b < 1 is obvious. Next, b > 1 - 2a 2 because (1 - a 2 ) - (c + a) 2 > (1 - 2a 2 ) [(1 - 
a 2 ) + (c + a) 2 ], since 2a 2 (l - a 2 ) > 2(c + a) 2 (l - a 2 ). Indeed, a 2 > (c + a) 2 , since 
< c < -a. 

Finally, for c < 1 fixed, lim Q ,_ ! .i_ a = — 1, whence lim Q ,_ ! .i_ 6 = —1 and thus 
lima-n- (3(a,c) = ir^ 1 arccos(— 1) = 1. □ 



3. Approximation lemmas 

To prove our main results, we will apply Ito's formula to compute \Xt — Xt\ ^, 
for (X t )t>o and (X t )t>o two solutions to © or (fj]), with some suitable value of 
£ (0,a). This is not licit, since the function \x\@ is not of class C 2 . The two 
lemmas below will allow us to overcome this difficulty. 

Lemma 10. Let < f3 < a < 1 and a_,a + £ [0,oo). For r\ > 0, set <t) v (x) = 
(t 1 2 + x 2 Y' 2 . For Aei„ 



JalM (A) := / [<f> n (A - z) - ^ (A)] v a a _ ia+ (dz) 



|A| /3 - a 



ra,/3 i -i TOt,fi 
i a_,a + T 1 A<0-'a + ,a_ 
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as rj — > 0, recall J2|). Furthermore, for all 77 > 0, all A £ R* ; 

l^ + (A)l < *^ + (a) : = / l<M A - z ) - <M A )I < c\*f- a , 



where C depends only on a, a_,a+,/3. 

Proof. We fix A e R* and we observe that for all 77 > 0, 

(8) |0 IJ (A-z)-^(A)|<Cniin{|z|MA|^- 1 |z|}. 

This is easily deduced from the facts that \(f>n(x + y) — 0tj(x)| < \y\P and |$,(a;)| < 
Plxf' 1 . Separate the cases \z\ < |A|/2 and \z\ > |A|/2. But now 

/ min{|«| /S ,|A|^- 1 |*|}|«|- a - 1 d«< / \z\ fi - a ~ 1 dz+ f \A\ - x \z\- a dz 

JR, J\z\>\A\ J\z\<\A\ 

=c\Af- a , 

We immediately deduce that \K^^ + {A)\ < C\A\P~ a . And by Lebesgue's domi- 
nated convergence theorem, since lim^o ^(x) = \x\ for all 

limJ^ + (A)= / [\A-zf-\Af]v a _, a+ (dz) 

=\Af [ [|l-*/A|"-l]i/ _ l0+ (dz) 

JR, 

=1 { a>o}|A|^ / [\l-z/\A\f-l]u a _, a+ (dz) 

JR, 

+ 1 { a<o}|A|^ / [\l-z/\Af-l]v a+ , a _(dz). 



In the last inequality and when A < 0, we have used the substitution x = —z, 
which leads to v%_ a+ (dz) = vf l+ a _(dx). Using finally the substitution x — z/\A\, 
for which v%_ <a+ (dz) = \A\~ a ^_ a+ (dx), we get 

lim J a ^ + (A) =1 {A>0} |A|^« / [|l - xf - 1] v a _, a+ (dx) 



+ 1 {A<0} |A|^ Q J [|1 - xf ~ 1] v a+ , a _ (dx) 



as desired. □ 

Lemma 11. Let 0</3<l<a<2 and a_,a + in [0, 00). For 77 > and x G R, 
set <p v (x) = {ry 2 +x 2 y/ 2 . Define, for A,S e M, 

J%L%1 (A S) := / { ^ (A + fo) - 0, (A) - (A) } ^_ , a+ (dz) , 

JR, 

K^ + {A,5):= f (4> n (A + Sz)-cb v (A)-\A + 6zf + \Af)\:_^(dz), 

J\Sz\<\A\ 

L^ + (A,6):= f \cf> n (A + dz)-^(A)-\A + 5zf + \Af\^_ !a+ (dz). 

J\Sz\>\A\ 
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-1 f a >ft _L 1 f a :P 

1 {«A>0} i a_,a + + 1 -{SA<0} 1 a+ ,a. 



For any Agl„ any S £ R, 

]imJ^ k l(A,6) = \Af- a \S\ a 

lim (A, 6) = lim (A, «5) = 0. 

Furthermore, we can find a constant C, depending only on a,a_,a + ,/3, such that 
for all T]>0, all A e R*, aZ/ <5 e R, 

|J Q ^(A, ( 5)|<C|Ar«| ( 5r, 

K%f,'a+(A,S) < C|A| 2/3 ~"|<5| Q , 

L^ 0+ (A,5)<C|A|^- a |*r. 

Proof. We first observe that there is a constant C such that for all i] > 0, 

|^(A + 5*) - <^(A)| <Cmin{|A|' 3 - 1 |«H \6zf} , 

|^(A + 5z) - 0„(A) - M;(A)| <Cmin{|A|^- 2 (^) 2 , lA^ 1 ^!} . 

This is easily deduced from the facts that \(f> v (x + y) — <j> v {x)\ < \y\^ , \(ft-{x)\ < 
ftxf' 1 , \<j>%(x)\ < C\x\ fj - 2 and j3 - 1 < 0. Separate the cases \Sz\ < |A|/2 and 
\5z\ > |A|/2. Similarly, 

\\A + 5zf- \Af\ <Cmin{|A|' 3 - 1 |fcU^I /3 }- 



Next we observe that 

/ min{|A|' 3 - 2 (<5z) 2 ,|A|^- 1 |fc|}|2r a ~ 1 ^ 

JR. 



<\A\ 



~ 2 \s\ 2 



l>|A|/|5|} 



\z\- a dz = C\Af- a \S\ a , 



\z\ s - a dz + \A\ f> - 1 \8\ f 

'{|*|<|A|/|«|} J{\z\\ 

from which we immediately deduce that \ Ja!_^a + (^' <^)l — C| A|^ _a |<5| a and that we 
can apply Lebesgue's dominated convergence theorem: 



limJ^ + (A,5) 



{ |A + 5zf \Af - 05z. S \gn{A)\A\^}^_^ (dz) 



=\Af f {\l + (6/A)zf-l-P(S/A)z}^_ ta+ (dz 



l + |VA|z -l-P\6/A\z\^_ !a+ (dz) 



= 1{5A>0}|A| / 

+ l { , A <o}|A|^ jf ||l + \S/A\zf - 1 - 0\5/A\z} u^ a _{dz) 

=iA|^i^r [i {6 A>o } ^ 0+ + i { «a<o}^;V' • 

We finally have put x = \5/A\z, for which v*_ M+ (dz) = (\8\/\ A\) a v%_^ (dx). 
To study K^ + {A, 5), we note that 

min{|A|' 3 - 1 |^|,|fc| /3 } 2 |2|- a - 1 ^ 



/ 

J\s. 



'\Sz\<\A\ 
<| A |20-2 



\5? I 

J\S 



z\<\A\ 



\z\ L - a dz = C\A\ 2f3 ~ a \5\ a 
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This implies that K%^g> + (A,5) < C|A| 2 ^- Q |£| Q and that we can apply the domi- 
nated convergence theorem to get lim^o K%f« + (A, 5) = 0. 

Finally, 

/ min{|A| /3 - 1 |54|<fe| / n \z\- a - x dz 

J\8z\>\A\ 

<\Sf [ \z\ ti - a - 1 dz = C\A\ ti - a \5\ a 

J\S»\>\A\ 

implies that L^' + (A, <5) < C|A|^- Q |<5| Q and that lim^o (A, 8) = 0. □ 

4. The case with infinite variation 

We now have all the weapons in hand to study pathwise uniqueness when a € 
(1, 2). We first prove that we can apply Ito's formula with the function \x\^ . 

Lemma 12. Let a € (1, 2), < a_ < a + and f3 g (0, 1]. Assume that a, b have at 
most linear growth and that for some constant kq > 0, for some fj € (0, 1], 

• for all x, y £ R, sign(x - y)(b(x) - b(y)) < n \x - y\, 

• a is Holder- continuous with index (a — f3)/a. 

Consider two solutions (X t )t>o and (X t )t>o to (3$ started at x and x, driven by 
the same (a, a_ , a + )-stable process (Z t )t>o defined by 0j. Put A t = X t — X t and 
St — o~(X t ) — a(X t ). Then a.s., for all t > 0, 

|A/ =\x -xf+f3 [ l {A ^ 0} |A s |^- 1 sign(A s )[6(X s ) - b(X s )]ds 
Jo 

+ J l {Asm \A s \^ a \8 s \ a (l {StAs>0} I^ a+ + l {tf .A.<o}£&_) ds + M t , 
where I%z, a , was defined in @) and where {M t )t>o is the L 1 -martingale given by 

M t = [ [ [\A s -+5 s -zf - \A s .f] N(dsdz). 
Jo Jr, 

Proof. For r\ > 0, consider 4>r)(x) = {rj 2 + x 2 ) 13 ^ 2 as in Lemma [TT1 Applying the Ito 
formula, see e.g. Jacod-Shiryaev [Hi Theorem 4.57 p 56], we get, recalling 

(j> n (A t ) =<j> n (x-x) + [ f [0 n (A s _ + <5 s _z) — n (A s _)] N(dsdz) 

Jo JR, 

+ [ [ [^(A._ ^(A,_)-<y,_^(A._)]i^_ , a+ (dz)ds 
Jo Jm, 

+ f cj>' n (A s -)[b(X s )-b(X s )]ds 
Jo 

=-4 n {x -x) + M? + f J?J>& (A s ,8 s )ds + f A*ds, 
Jo Jo 

where </al^a+(A, S) was defined in Lemma ITT] First, we clearly have a.s. 

lim 0„(A t ) = \At\P and lim (f> v (x — x) = \x — x\^ . 

77— >0 77— >o 
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Next, we observe that jg^g> + (A t ,S t ) = J£^g> + (At, 6 t )l {At jto}, since A t = implies 
that St — 0. Since a is Holder-continuous with index (a — j3) /a by assumption, 
we deduce that |A t |^ _a |<5 t | Q is uniformly bounded. Thus, using Lemma [TTI and 
Lebesgue's dominated convergence theorem, we get a.s. 

lim f j:^' + (A s ,S s )ds 



-j\ {Asm \A s f~ a \S s \ a {l {Ss A B>0} I^a 



ds. 



Since 4>'(x) = fix{-q 2 + x 2 ) (/3 ~ 2)/2 , we may write A\ = A% ,+ ~ A\' , where 

A?' + =/3|A t |(A 2 + r?)V-W ( sign (A t )[6(X t ) - b(X t )}) + , 

AT =/3|A t |(A?+ 77 2 )^- 2 )/ 2 (sign(A t )[b(X t )-b(X t )})_. 

First, lim^o = /3 J* l {As#0 }|A s |^ 1 (sign(A s )[6(X s )-6(X s )])_d S by the 
monotone convergence theorem. Next, our assumption on b implies that A^ + < 
0Ko\At\^. Hence we can apply the dominated convergence theorem to compute 
lim^o J A^' + ds and we finally get a.s., 

lim/ A s 1 ds = /3 [ l {As ^ } \A s f-h\gn{A s )[b{X s )-b{X s )]ds 

as desired. It only remains to prove that M% tends to Mt in L 1 . We write Mt = 
M\ + A/ 2 and M? = M?' 1 + M?' 2 , where 

1{|^|<|A S _|} [|A S _ + S.-zf - \A s _f] N{dsdz), 
1{|* S _*|>|A._|} [|A S _ + 8 s -z\ - \A s -\ ] N(dsdz), 



Ml 



Mt = 



Ml" 



M. 



2,»7 



1{|5 3 _ 2 |<|A 3 _|} [4><n(A s - + S s -z) - cf> n (A s -)] N(dsdz), 
1{|5„_ Z |>|A S _|} [07? (A s _ + S s -z) - <f> v (A a -j\ N(dsdz). 



Using Lemma [TP and Lebesgue's dominated convergence theorem, there holds 



lim E 







~\Ml-Ml>Y 


= lim / E 




Jo 



Kl ff 'l(A s ,S s ) 



ds = 0, 



since K^ + (A S ,S S ) < C\A t \ 2 ^ a \S t \ a < C\A t \? and since E[su P[M |A,|"] < oo 
by Proposition [2J-(ii). Similarly, writing N(dsdz) = N(dsdz) — v"_ a (dz) dz, 



lim E 



\M* - Mt 



< 2 lim 



l:^ + (a s ,s s ) 



ds = 0, 



because (A S ,S S ) < C\A t \P- a \5 t \ a < C. This ends the proof. 



□ 



Proof of Theorem^ We thus consider a £ (1,2), < a- < a+ and two solutions 
(X t ) t >o and (X t ) t > to ©. We put A t = X t - X t and St = a(X t ) ~ a(X t ). We 
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set — /3(a, a-/a+) € [a — 1, 1] as in Lemma [3] and we use Lemma IT21 With our 
choice for 0, there holds I"^ a , — by Lemma [HI We thus find 



A t \ =\x-xf + 



f l^o^sf-'signiAsMXs) -b(X s )]ds 
Jo 



+ Cl {a _^ a+} f l {A ^ <0} |A s |^- a |<5 s | Q d S + M t , 
Jo 

where C — I"i^ a _ and where {M t )t>o is a L 1 -martingale. 

Step 1. We prove point (i). Due to our assumption on b, sign(A s )[&(X s ) — 
b(Xs)] < ko|A s |. If a_ = a_|_, we thus get, taking expectations, E[|At|' 3 ] < \x — 
x\P + (3kq J q E[\A s \P]ds and we conclude with the Gronwall Lemma. If a_ < a+, 
our assumption on a guarantees us that if S S A S < 0, then |<J a | < «;i|A s |/(a+ — 
a_), whence |A s |^ _a |^ s | a l{5 s A s <o} < C|A S |^. Hence taking expectations, we get 
E[|A t |^] < \x - x\ p + C $*W^A a \P]ds: we also conclude with the Gronwall lemma. 

Step 2. We check point (ii). Assuming that (a + — a_)er is non-decreasing, we 
deduce that either a_ = a + or for all s > 0, a.s., 8 S A S > 0. If furthermore b is 
constant, we thus get \A t \ = \x - x\ p + M t , whence E[|A t |^] = \x - x\ . □ 

We now study the large time behavior of solutions when a_ = a+. 

Proof of Proposition^ We thus assume that a_ = a + > 0, that a € (1,2), that b 
is non- increasing and continuous and that a is Holder-continuous with index 1/ot. 

Step 1. Consider any pair of solutions (X t )t>o, {X t )t>o to ([3]) driven by the 
same stable process and set, as usual, A t = X t — X t , S t = o-{X t ) — o-(X t ), Lemma 
[l2lwith = 0(a, 1) = a - 1 implies, since I%f <a+ = I°f,a- = by Lemma| that 

lAtl"" 1 =\x - x\ a - x + M t + (a-l) f sign(A s )|A s r- 2 [6(X s ) - b{X s )]ds, 

Jo 

where M t = J* / R (|A S _ + <5 s _z| a - 1 - lA^I"" 1 ) N(dsdz). Using that b is non- 
increasing, we deduce that 

(9) lAtl"- 1 + (a - 1) / |A S | Q - 2 |6(^ S ) - b(X s )\ds =\x - x\ a ^ + M t =: U t . 
Jo 

Consequently, Ut is a non-negative martingale. Thus it a.s. converges as t — > oo, 
as well as its bracket: 

\ / [|A. + M a " 1 -|A.r -1 ] 2 ^_ >a+ (dz) ds < oc. 
Jo Jr. 

But if A s ^ 0, since a_ = a+, setting c — a + J R [|1 + x| Q_1 — l] 2 

/ [\A s + 5 s z\ a - 1 -\K\ a - 1 ] 2 K-,u + (dz) 
Jr, 

=a+\A s \ 2a - 2 f [|1 + S.z/A.]"- 1 - l\ 2 \z\- a - l dz 
Jr, 

=c\A s \ 2a - 2 (\S s /A s \) a = c\A s \ a - 2 \S s \ a , 
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l{A s #o}|A s | Q 2 \6 s \ a ds < oo a.s. 



whence 
(10) 

We also have sup[ 0;O o) U t < oo, whence, due to ©, 

(11) / \A s \ a ~ 2 \b(X s ) - b(X s )\ds <oo a.s. 



Finally, Doob's L 1 inequality (see e.g. Revuz-Yor Theorem 1.7 p 54]) implies, 
since Ut is a non-negative L 1 cadlag martingale, that for any a > 0, 

Pr[sup U t >a}< a- 1 sup E[Z7 t ] = aT^x - x\ a ~ l . 

[0,oo) [0,oo) 

But sup[ 0jOO ) |A t | Q_1 < sup[ i0Q ) C/ t by ©. Hence for any /? € (0,a — 1), for any 
OO, 







/•OO 






E 


sup |A t |" 


= / Pr 


sup lAtl"- 1 > a {a - 1)/fi 


da 




[0,oo) 


Jo 


[0,oo) 





<c+ / a-^-^^lx-il"^ 1 ^ 

/3 



a- 1-/3 1 

Choose c= |a; — for some constant C depending only on a, (3, 



(12) 



E 



sup | A t | 

[0,oo) 



< C\x-x\t 



Step 2. We now prove point (i). Consider two invariant distributions Q and Q 
for ([3]). Let X ~ Q and Xo ~ Q be two random variables independent of (Z t )t>o- 
Consider the associated solutions (X t )t>o and (X 4 )t>o to ^ starting from Xq 
and (pathwise existence holds for we have checked pathwise uniqueness 
in Theorem [3] and weak existence in Proposition [5]). Then we have X t ~ Q and 
X t ~ Q for all t > 0. ^From flTUJ) and ([IT]), we have a.s. 

/•OO 

/ T(X t ,X t )dt <oc, 
Jo 

where 

r(x, y ) :=(i + |x - y|) Q - 2 [|6W - Ky)\ + W*) ~ °{vT] 

<l {x ? v} \x - y\ a - 2 [\b(x) - b(y)\ + \a(x) - a{y)\ a ]. 

We easily deduce, see e.g. [BJ Lemma 10], that there is a deterministic sequence 
{t n )n>i increasing to infinity such that T(X tnl X tn ) goes to in probability. Since 
(er, 6) is injective by assumption, we have T(x, y) > for all x ^ y. Furthermore, 
r is continuous and X tn ~ Q and X tn ~ Q for all n > 1. We thus infer from [SJ 
Lemma 11] that Q = Q. 
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Step 3. We next prove point (ii). Consider two solutions {Xt)t>o and (Xt)t>o 
to ((HJ, issued from x and x. Using our assumptions and (fT0|) - (fTT|) . we get 



p{\X t - X t \)dt< oo. 



Hence, see e.g. [6l Lemma 10], there is a deterministic sequence (t n )n>i increasing 
to infinity such that p{\X tn — X tn \) goes to in probability. Since p is strictly 
increasing and vanishes only at 0, we deduce that \X tn —X tn | goes to in probability. 
We thus infer from (fT2|) . choosing e.g. /3 = (a — l)/2, that 



E 



sup \X t -X t f 

[tn,Oo) 



Tt. 



<C\X tn -X tn f. 



We used that conditionally on F tn , (X tn +t)t>o and {X tn +t)t>o solve ([3]). We 

easily deduce that supr tn>0o \ \X t — X t \ tends to in probability. Since finally 

s i— > sup[ s |X( — Xt\ is non-increasing, it a.s. admits a limit as s — > oo and 

this limit can only be 0. □ 



5. The case with finite variation 

We now study the case where a £ (0, 1). Here again, we first prove that we can 
apply Ito's formula with the function \x\^ . 

Lemma 13. Let a £ (0, 1), < a_ < a + and (3 £ (0, a). Assume that a, b have at 
most linear growth and that for some constant kq > 0, for some /3 £ (0, 1], 

• for all x, y £ R, sign(x - y)(b(x) - b(y)) < k \x - y\, 

• a is Holder- continuous with index 9 for some 9 £ [a — /3, a]. 

Consider two solutions (Y t )t>o and (Y t )t>o to started at x and x, driven by 
the same Poisson measure M . Put A t = Y t — Y t . Then for all t > 0, recall {5p, 

ft 



E[\A t f]<\x-xf +/3k [ E[\A s f] ds 

Jo 



E 



E 



( 7 (y s ) - j(Y s )) + \A s f- a [l {As>0} I^ a _ + 1 { a 3 <o}^„ + ] 



1 {A a <0} I a f,a- 



ds 
ds, 



_(7(K 5 )-7(K 5 )) + |A,| /3 - Q [l { A s >o}^ a+ 

with an equality and ko = if b is constant. 
Proof. We define, for y, y £ R and u £ R*, 

r(y,y,U) = l{o<u<f(y)} — l{7(y)<«<0} ~ l{0<M<7(y)} + 1 {-y(jf) <u<0} • 

Let also 4>v( x ) = i 7 ! 2 + x 2 ) 1 ^ 2 . Applying the Ito formula for jump processes, see 
e.g. [HI Theorem 4.57 p 56], we get 

<f> v (A t ) =<f> v (x - x) + f <j>'JA s )(b(Y s )-b(Y s ))ds 



n A 5 ._ + «r(y._, y._ , u) ) - ^, ( A s _ ) M{dsdzdu) 
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First, since < /3\x\& 1 and since sign(4>'(x)) = sign(x), we deduce from our 

assumption on b that for any rj > 0, any y, y, 

<t>' v (y - y)(Kv) - b (y)) =W v {y - y)l si g n (y - y)(Hv) - Kv)) 
<\4>' v (y - y)\ K o\y - v\ 

<pn \y-yf. 

We deduce that 

M A t) <</> v (x - x) + Pk f \A s fds 



(13) 



<j> v (a s - + zT(Y s -,Y s -,u)j -4> v (A a -) M(dsdzdu), 



with of course an equality and kq = if b is constant. Observe now that for any 

y, y € E, any u £ K», 

F(y,y, u) = i{ 7 (y) <M<7 ( !; )} - i{ 7 ( y ) <M<7 ( j )}. 

Hence integrating in u and recalling Lemma [TU1 



„ [A s - + zT(Y s _,Y s _,u)j - M A s-) «£_,„+(<**) du 

=( 7 (y s )-7(Y s )) + / \<t> v {A s + z)-^{A s )\v^ a+ {dz) 

+ ( 7 (y a ) - 7 (y fl ))+ / (A s - *) - 0,(A S )| i£_ )8+ (dz) 
Hl(Ys)-y(Y s )) + K^_(A s ,S s ) + ( 7 (f s ) - 7 (y s )) + K^ + (A S A) 

<a| 7 (n)-7(n)l-|A*|^-°. 

Since 7 is Holder-continuous with index 9, this is bounded by C\A s \ e ~ a+l3 . Using 
Proposition[5]-(ii) and that 9 — a + (3 £ [0, a), we can thus take expectations in (JTJ 

(14) E[0„(A t )] <4> n {\x-x\)+pK Q f E[\A s f]ds+ [ E [B%] ds, 

JQ JO 

(with an equality and kq = if b is constant), where 



m = 



<f>n (A s _ +zT(Y s _,Y s _,u)) -^(A s _)] duv« )a+ (d2!). 



First, we obviously have lim^o E[0,,(A t )] = E[|A t p] and \im v ^o ^(x — x) — 
\x — x\P . Next, integrating in u as previously and recalling Lemma [TOl we obtain 



Bi =(7(Y S ) - 7(n))+ / [</> v (A s +z)- ^(A s )] K_, a+ (dz) 
+ ( 7 (f;) - y(Y.))+ [ (A. - z) - ^(A s )] rf a .{dz) 



=( 7 (n) - 7(n))+^_ (a s ) + - 7 (n))+ j^ + (a s )- 

For the first integral, we have used the substitution x — —z, so that a+ (dz) — 
v a+,a- (dx). Using finally Lemma [TUl that 7 is Holder continuous with index 9 e 
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[a — (3, a], Proposition [2j-(ii) (since 9 + (3 — a e [0, a)) and the Lebesgue dominated 
convergence theorem, we deduce that 



lim 

7J->0 



E 



E [B2\ ds 

( 7 (n) - 7 (n))+|A s |^ a [i { A 3 >o}4 Q ;^ + i{A s <o}4 Q :^ + ] 



f/.S 



E 



(7(n)-7(n)) + |A s |^[l {Aa>0} /^ a+ +l {As<0} 7«;V 



ds 



as desired. 



□ 



We can now give the 

Proof of Theorem^ We consider a € (0, 1), a_ < a + and two solutions (Y t )t>o and 
(Y t ) t >o to (g]), issued from x and We also fix /3 e (0, a). We put A t = It — Y t . 
Applying Lemma [13] and recalling that 7 is Holder continuous with index a, a 
rough upperbound using only that \I"'f ia ,| + l-^o+fo-l < 00 yields that E[|A t |^] < 
\x — x f + C J*E[\A,\P]ds and we conclude with the Gronwall Lemma. □ 
We conclude this section with the 

Proof of Theorem^ Let us thus assume that a £ (1/2,1), that a_ < a + with 
a_/a + < — cos(-7ra) and let us set /3 = P{ot, a_/a+) € (0, a). Consider two solutions 
(Yt)t>o an d (Y t )t>o to d3|, issued from a; and x and put A t = Y t — Y t . Applying 
Lemma [T3] (7 is Holder-continuous with index a — /3 by assumption) and recalling 
that Ia!_^,a + = due to Lemma [9] we get 




(with an equality and kq = if b is constant), where 

B^ 1 =4°£_(7(n) - 7 (n))+|A s r Q l { A a >o}, 
^ 2 =/£V(7&) -7(n)) + |A s |^l {Aa<0} . 

S'fep -Z. We now prove point (i). Our assumption on 7 guarantees that if A s > 0, 
then ( 7 (Y a )- 7 (Y a )) + < Ki|A s | Q , whence B^ 1 < C|A a |^. Similarly, B^ 2 < C\A s f. 
We thus find E[|A t |^] < \x - if + C f*E [\A s f] ds and we conclude with the 
Gronwall Lemma. 

Step 2. We now check point (ii), assuming that b is constant and that 7 is non- 
increasing. Then A s > implies 7(Ys) — j(Y s ) < 0, whence B^ 1 = 0. Similarly, 
B^ 2 = and we obtain E[|A t | /3 ] = \x - if as desired. □ 



6. Weak existence and equivalence of the two equations 

We start this section with the equivalence in law between Q and (QJ. 

Proof of Lemma\^ We fix a € (0, 1), a_, a+ G [0, 00) and we start with point (i). 
We thus consider a solution (Y t ) t >o to (g]) driven by a Poisson measure M with 
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intensity measure ds v%_ a+ (dz) du. Recall that 7(2;) = sign(o-(x)).|cr(a;)| Q . Set 

Zt= I I I \ 1 W(ys-)^0} n(v \ [ 1 {0<«< 7 (Y 3 -)} - 1 {7(Y.-)<«<0}] 

Jo Jr, Jul. k a \ r s-) 

+ l{ a{ Y s _)=o}zl {0<u<1] ^M{dsdzdu). 

Then we obviously have 

/ a{Y s -)dZ s =11 I z[1 {0<u< ^y 3 _)} - l {l{Ys _)<u<o}] M (dsdzdu). 

JO JO JR, il» 

It only remains to prove that (Zt)t>o is a (a, a~, a+)-stable process. But (Zt)t>o is 
a pure jump process without drift, so that we only need to check that, for J = {s £ 
[0,oo),AZs 7^ 0}, J2 s >o 1{sgJ}^(s,az s ) is a Poisson measure on [0, 00) x R* with 
intensity measure ds v"_ a+ (dz). Denote by q(dsdz) its compensator. It is enough 
(see Jacod-Shiryaev [5J Theorem 4.8 p 104]) to show that q(dsdz) = i J a_, a+ {dz) ds. 
By Definition of (Z t ) t > , we clearly have (recall that sign(cr(cc)) = sign(7(x))) 



</>(s, z)q(dsdz) 

^-{a(Y s )>0}Hs,z/<T(Y s ))l {0<u<j( Y 3 )}du Va_,a + ( dz ) ds 

l{a(Y s )<0}<P(s,-z/<j(Y s ))l {j{ Y s)< u<0}du Va-,a + {dz) ds 

1 {a[Ys )=o}^{s-,z)l {0<u<l} du Va_, a+ {dz) ds. 

Integrating in u, we deduce that 

<j)(s,z)q(dsdz) = [ [ 1 {<t(Ys)>o} 0(s, z/a(Y s ))^){Y s )v"_ a+ (dz) ds 

l {a{ Y s) <o}^-z/a{Y s ))\l{Ys)K_, a+ {dz) ds 

l{<y( Ys )=o}<i>{s,z)v2_ a+ {dz) ds. 

We perform the substitution x = z/\cr(Y s )\ in the two first integrals, which yields 
that v2_ ia+ (dz) = \a(Y s )\-<*v2_ ia+ (dx). Recalling that \a(Y s )\- a \~f(Y s )\ = 1, we 

conclude that J Q J R 0(s, z)q(dsdz) = f f M 4>(s, z)v^_^ a ^(dz) ds as desired. 

We now check point (ii). Let thus (X t )t>o solve §5$ with some (a, a_, a + )-stable 
process (Z t )t>o Put N = J2s>o l{se./}^(s.Az s ), which is a Poisson measure on 
[0, 00) x with intensity measure ds a+ (dz). On an enlarged probability space, 
we consider a Poisson measure 0(dsdzdu) on [0, 00) xR,xt» with intensity measure 
ds v"_ a+ (dz) du such that N(dsdz) = 0(dsdz x [0, 1]). We finally introduce the 
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random point measure M(dsdzdu) on [0,oo) x R» x R* denned by 
ft f p 

tp{s, z, u)M{dsdudz) 

i{a(x s ^)^0} ( p(s,zW{X s -)\,uj(X s ^))O(dsdudz) 



1{o-(x s _)=o}V( s j z i u)0(dsdudz). 
for all ip smooth enough. Then we have 

/ a(X s _)dZ s = [ [ za(X s ^)N(dsdz) 
Jo Jo Jr, 

za(X s -)l{ ue [ 0t x]}O(dsdzdu) 

z.sign(a(X a -))l{ a (x a -)&}^u/y(x.-)£[OA]}M(dsdzdu) 

= z [ 1 {0<«< 7 (x s _)} - l{ 7 (x s _)<«<o}] M{dsdudz). 

Jo Jr, 

We finally used that sign(cr(x)) = sign(7(x)) and that <r(x) = implies 7(2;) = 0. 
It thus only remains to check that M is a Poisson measure with intensity measure 
ds v%_ a+ (dz) du. Let us call p the compensator of M and observe that 

ft f f 

<f>(s, z, u)p(dsdzdu) 

l{a(x s -)^o}<P( s , z W( x s-)\,u'y{X s -))du v%_, a+ (dz) ds 
l{a(x„-)=o}<P(s, z,u)du v%_ !a+ (dz) ds. 



Performing the substitution v — z\a(X s -)\, w — uj(X s -) and recalling that 
|cr(X s _)|~ a |7(X s _)| = 1, we easily conclude that p(dsdzdu) — ds v^_ a+ (dz) du, 
which ends the proof. □ 

We finally end this paper with weak existence and moment estimates for ((3]). 

Proof of Proposition® Let us for example treat the case where a € (1, 2). Consider 
the equation 

(15) Y t =x+ f [ a(Y s ^)zN(dsdz) + [ c(Y s )ds, 

Jo J-i Jo 

where c(x) — b(x) — cr(x) J^ z ^ >1 a+ (dz). If b and a have at most linear growth, 

one immediately checks, using that z 2 v"_ a (dz) < 00, that for any T > 0, for 
some constant Ct not depending on x, any solution to (|15|) satisfies 



(16) E 



sup Y 2 

[0,T] 



< C T (l + x 2 
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If furthermore b and a are continuous, we can apply Theorem 175 of Situ |14j and 
thus weak existence holds for (|15|) . Rewrite now ([3]) as 

(17) 

a{X s -)zN{dsdz) + / c(X s )ds- 



X t = x 



a{X s ^)zN{dsdz). 



z >1 



Observe that the last integral generates jumps at some discrete instants: rewrite 
the restriction of N to [0, oo) x {\z\ > 1} as J2n>i $(T n ,z n ), where < 7\ < T 2 < . . . 



are the jump instants of a Poisson process with parameter A = J| 
and where the random variables (Z n ) n >i are i.i.d. with law A~ 



,«+(<**) 
(dz). Hence 



kl>i 



© reduces to (TT5|) on each time interval (T„,T„ + i). One classically deduces that 
weak existence for (|15[) implies weak existence for ([3]), see Ikeda-Watanabe [7] for 
similar considerations. 

We now prove the moment estimates. We have not found a direct proof relying 
on stochastic calculus. Fix /3 € (0,a), T > and assume only that b,a have at 
most linear growth. Consider a solution (X)t>o to J3]) and rewrite it as in (fT7|). 
Denote by </ = <r(Ti, T 2 , . . . ). Then X t solves (US]) during [0,Ti). Hence we have 



sup Xl 

[O.TiAT) 



< C T (1 



whence E 



sup \X t f 

[O.TiAT) 



< if r (l + \xf). 



Furthermore, Xt ± = Xx t - +u{Xt 1 -)Zi, whence, since a has at most linear growth, 
\X Tl f < L(l + \X Tl _\P)(l + \Z x f). Consequently, we have 



E 



X f f 



SUp |w t 

[O.TiAT] 



< M T (1 + (of) 



where M T = K T + L(l + K T )E[l + |Z 1 |' 3 ] < oo (here we need that /3 < a to have 
E[|Z 1 | /3 ] < oo). Exactly in the same way, since (X)t>o solves (fT5|) during T/c+i) 
for any fc > 1, one can prove that 



E 



X" 3 



SUp 

[T fc AT,T fc + 1 AT] 



<M T (l+E[|X Tfc |' 3 |^) 



with the same constant My. Put = E[supr TjtAT)T AT i |X;|^|0] for fc > (set 
T = 0). We have proved that u < M T (1 + \xf) and that u k +i < M T (1 + u k ). 
We classically deduce that for some constant At > 1, depending on x, u k < A T +l . 
Consequently, for any k > 1, 



E 



sup |X t | 

[0,T fc AT] 



< u H h Ufc-i < 



A k+i 
A%< A > 



An 



Finally, we find 



E 



sup \X t | 

[0,T] 



< 



fc>0 



l{T fc <T<T fc + 1 }E SUp |X 



<- 



At - 



fc>0 



[0,T fc+1 AT] 

fc! 



This concludes the proof. 



□ 



22 



NICOLAS FOURNIER 



References 

[1] R.F. BASS, Stochastic differential equations driven by symmetric stable processes, Seminairc 
dc Probability, XXXVI, 302-313, Lecture Notes in Math., 1801, Springer, Berlin, 2003. 

[2] R.F. Bass, Stochastic differential equations with jumps, Probab. Surv. 1 (2004), 1-19. 

[3] R.F. BASS, K. Burdzy, Z.Q. Chen, Stochastic differential equations driven by stable pro- 
cesses for which pathwise uniqueness fails, Stochastic Process. Appl. Ill (2004), no. 1, 1-15. 

[4] J. Bertoin,, Levy processes, Cambridge Tracts in Mathematics, 121. Cambridge University 
Press, Cambridge, 1996. 

[5] N. FOURNIER, Jumping SDEs: absolute continuity using monotonicity, Stochastic Process. 
Appl. 98 (2002), no. 2, 317-330. 

[6] N. FOURNIER, J. Printems, Stability of the stochastic heat equation in L1([0,1]), Preprint. 

[7] N. Ikeda. S. Watanabe, Stochastic differential equations and diffusion processes, Second 
edition, North-Holland Publishing Co., Amsterdam, 1989. 

[8] J. Jacod. A.N. Shiryaev, Limit theorems for stochastic processes, Second edition, Springcr- 
Verlag, Berlin, 2003. 

[9] T. KOMATSU, On the pathwise uniqueness of solutions of one- dimensional stochastic differ- 
ential equations of jump type, Proc. Japan Acad. 58 Scr. A (1982), 383-386. 
[10] J.F. Le Gall, Applications du temps local aux equations differentielles stochastiques uni- 
dimensionnelles, Seminaire de Probabilitcs, XVII, 15-31, Lecture Notes in Math., 986, 
Springer, Berlin, 1983. 

[11] P.E. Protter, Stochastic integration and differential equations, Second edition, Stochastic 
Modelling and Applied Probability, 21. Springer- Vcrlag, Berlin, 2005. 

[12] D. Revuz, M. Yor, Continuous martingales and Brownian motion, Third edition, Springcr- 
Verlag, Berlin, 1999. 

[13] K.I. Sato, Levy processes and infinitely divisible distributions, Cambridge Studies in Ad- 
vanced Mathematics, 68. Cambridge University Press, Cambridge, 1999. 

[14] R. Situ, Theory of stochastic differential equations with jumps and applications, Mathemat- 
ical and analytical techniques with applications to engineering, Springer, New York, 2005. 



Nicolas Fournier, LAMA UMR 8050, Faculte de Sciences et Technologies, Univer- 
site Paris Est, 61 avenue du General de Gaulle, 94010 Creteil Cedex, France, email: 
nicolas .f ournier@univ-parisl2 . f r 



